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Buckling actuatorIn the ﬁeld of soft dielectric elastomers, the notion ‘electrostriction’ indicates the dependency of the
permittivity on strain. The present paper is aimed at investigating the effects of electrostriction onto
the stability behaviour of homogeneous electrically activated dielectric elastomer actuators. In particular,
three objectives are pursued and achieved: (i) the description of the phenomenon within the general non-
linear theory of electroelasticity; (ii) the application of the recently proposed theory of bifurcation for
electroelastic bodies in order to determine its role on the onset of electromechanical and diffuse-mode
instabilities in prestressed or prestretched dielectric layers; (iii) the analysis of band-localization
instability in homogeneous dielectric elastomers. Results for a typical soft acrylic elastomer show that
electrostriction is responsible for an enhancement towards diffuse-mode instability, while it represents
a crucial property – necessarily to be taken into account – in order to provide a solution to the problem of
electromechanical band-localization, that can be interpreted as a possible reason of electric breakdown.
A comparison between the buckling stresses of a mechanical compressed slab and the electrically
activated counterpart concludes the paper.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Dielectric elastomer (DE) devices are electrically activated
smart systems that possess mechanical properties similar to those
of natural muscles and therefore represent one of the most prom-
ising members within the class of the artiﬁcial muscles (Bar-Cohen,
2001; Brochu and Pei, 2010). Applications of these systems are
common in the ﬁelds of mechatronics, aerospace, biomedical and
energy engineering as actuators, sensors, and energy harvesters
(Carpi et al., 2008a). Their operating principle is based on the
deformation of a dielectric soft membrane induced by the electro-
static attraction forces arising between the charges placed on its
opposite sides (Pelrine et al., 1998, 2000); such effect is propor-
tional to the permittivity of the material, which unfortunately
turns out to be very low for the typical materials in use (e.g., sili-
cones, acrylic elastomers) with relative dielectric constants r
amounting to a few units.
While, on the one hand, research efforts are devoted to the de-
sign and realization of composite materials with signiﬁcantly high-
er permittivities to improve the electromechanical coupling (Zhang
et al., 2002; Huang et al., 2004; deBotton et al., 2007; Carpi et al.,
2008b; Molberg et al., 2010; Bertoldi and Gei, 2011; Risse et al.,2012; Ponte Castaneda and Siboni, 2012; Tian et al., 2012; Gei
et al., 2013), on the other hand, the nonlinear theory of homoge-
neous soft dielectrics is still under way, in particular, special atten-
tion deserve the issues associated with the different types of
instability developing under operating conditions and those re-
lated to the intrinsic behaviour of the material, such as electrostric-
tion and polarization saturation (Li et al., 2011a; Ask et al., 2012,
2013).
The aim of this paper is to give a contribution to the aspects just
mentioned, by pursuing three main goals:
 to provide a framework accounting for electrostriction of soft
DEs within the general nonlinear theory of electroelasticity. As
usual in the ﬁeld of soft dielectrics, electrostriction is conceived
as the dependency of the relative permittivity of the material on
strain: this effect, experimentally observed (Wissler and Mazza,
2007; Li et al., 2011b), must be taken into account for modelling
purposes in view of the large deformations usually achieved.
This phenomenon has been theoretically addressed by Zhao
and Suo (2008) who employed a simple model for its
characterization;
 to apply the general theory of bifurcation for electroelastic body
proposed by Bertoldi and Gei (2011) to investigate (i) electrome-
chanical instability in unconstrained specimens and (ii) diffuse-
mode instabilities, including buckling-like and surface-like
modes, in prestretched dielectric layers. In the aforementioned
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Lanzoni, 2010, and Rudykh and deBotton, 2011), while the cur-
rent analyses are performed on homogeneous materials, for
which the two types of bifurcation are obtained on the basis of
a common general criterion. Electromechanical instability on
its own was extensively studied by methods developed by Zhao
et al. (2007) and De Tommasi et al. (2010), while De Tommasi
et al. (2013) showed that an imperfection could trigger this
instability at a voltage much lower than that for a homogeneous
specimen. Regarding the importance of diffuse modes, we men-
tion that an Euler-like instability is the activation mechanism of
several types of buckling-like actuators (Carpi et al., 2008a;
Vertechy et al., 2012);
 to analyze band-localization instability in homogeneous DEs, in
particular facing its relation with the constitutive properties of
the solid. The theory developed here extends to the electroelas-
tic domain the well-known theory of localization of deforma-
tion in nonlinear elasticity, where the existence of a localized
solution of the incremental problem – concentrated within a
narrow band – is sought along the loading path (Rice, 1973; Hill
and Hutchinson, 1975; Bigoni and Dal Corso, 2008).
General assumptions adopted throughout the paper involve
plane-strain deformation and material incompressibility. Fig. 1 re-
ports a sketch of the investigated instabilities relevant to the
homogeneous loading paths assumed for the layer that is always
actuated by a given transverse electric displacement ﬁeld: in the
ﬁrst (Path A), the prestressed specimen can freely expand under
the electrical actuation, while in the second (Path B), the layer is
ﬁrst mechanically prestretched and successively actuated. The
obtained results, well suited to a wide class of diffused acrylic
elastomers, show that electrostriction plays a fundamental role
in the stability behaviour of the actuators.
The paper is organized into eight sections. Sections 2 and 3 deal
with the formulation of the ﬁnite and the linearized electroelastic
models, respectively. Section 4 introduces the considered electro-
mechanical loading paths, while in Section 5 the formulation of
the general theory of electroelastic bifurcations introduced by
Bertoldi and Gei (2011) is recalled and specialized to the plane-
strain problem under study. The band-localization instability ish0
h D2
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Fig. 1. Sketch of the instabilities investigated in the paper for a soft dielectric layer sub
actuated in the presence of a constant longitudinal force –eS is the nominal traction–;
electrically actuated (h0 and h denote the initial and the reference thicknesses, respectivdiscussed in Section 6, while all results and their interpretation
are presented in Section 7. Finally, the conclusions are summarised
in Section 8, while in Appendix A the components of the incremen-
tal moduli associated with the general free energy introduced in
Section 2 are detailed.2. Large deformations and stress state for a soft dielectric body
Here the theory of large-strain electroelasticity for a homoge-
neous isotropic hyperelastic body is brieﬂy recalled, on the basis
of the notion of total stress. The reader is referred to McMeeking
and Landis (2005), Dorfmann and Ogden (2005), Suo et al. (2008)
and Bertoldi and Gei (2011) for further details.
A system in equilibrium under external electromechanical ac-
tions is considered, including an electroelastic body occupying a
region B 2 R3, whose points are denoted by x and the surrounding
space Bsur ¼ R3 n B. Here the general case of the surrounding do-
main occupied by a different dielectric medium is brieﬂy illus-
trated, while in our reference problem we assume Bsur
corresponding to vacuum, in such case it will be denoted by B.
The stress-free conﬁguration of the body B0, whose points are la-
belled x0, can be identiﬁed, such that x ¼ vðx0Þ, where v represents
a given deformation and F ¼ @v=@x0 denotes its gradient. In the
general case, the material conﬁguration of the surrounding domain
is analogously denoted by B0
sur
, while no reference conﬁguration is
introduced in the case of vacuum, as the deformation gradient is
not deﬁned there.
2.1. Field equations and boundary conditions
Under the hypotheses previously introduced and assuming the
absence of body forces and volume free charges, the governing
equations of the system in the spatial description are:
div s ¼ 0; sT ¼ s; divD ¼ 0; curl E ¼ 0 ðin B [ BsurÞ: ð1Þ
Here s denotes the ‘total’ stress, while D and E represent the electric
displacement and the electric ﬁeld respectively; operators written
with initial lower-case (upper-case) refer to variables deﬁned in
the present (reference) conﬁguration. Condition (1)4 states that E1
1
Sh0˜ Sh0˜
Sh0˜ Sh0˜
jected to two different electromechanical loading paths. A: the layer is electrically
B: the layer is ﬁrst prestretched at a longitudinal stretch equal to kpre and then
ely; D2 represents the current electric displacement ﬁeld).
1 Note that function WelasðI1; I2Þ has been assumed with no interconnection
between invariants I1 and I2, such that @2Welas=@I1@I2 ¼ 0.
2 Derivatives of the invariants:@I1=@F ¼ 2F , @I2=@F ¼ 2ðI1F  FCÞ, @I4=@F ¼ 0,
@I5=@F ¼ 2ðFD0Þ  D0, @I6=@F ¼ 2½ðFD0Þ  ðCD0Þ þ ðFCD0Þ  D0	, @I4=@D0 ¼ 2D0,
0 0 0 2 0
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function /ðxÞ, i.e. E ¼ grad/ðxÞ, both in B and Bsur.
According to the considered set of boundary conditions, the
charges are speciﬁed along the whole boundary @B, while displace-
ment and traction prescriptions are enforced on disjoint parts of
@B, denoted as @Bv and @Bt , respectively, such that @Bv [ @Bt ¼ @B
with @Bv \ @Bt ¼ ;, namely
svt ¼ 0; sstn ¼ t ðon @BtÞ; v ¼ ~v ðon @BvÞ; ð2Þ
sDt  n ¼ x; n sEt ¼ 0 ðon @BÞ;
where the jump operator deﬁned on @B corresponds to
sf t ¼ fB  fBsur , vðxÞ denotes the ﬁnite displacement function with
prescribed values ~v on the restrained portion of the boundary
@Bv , t and x represent the assigned values of the tractions on the
free boundary @Bt and the surface charge density, respectively,
while n is the current outward normal to @B.
The Lagrangian formulation of the above setting is also re-
quired, which is based on a back-mapping of the governing Eq.
(1) to the reference conﬁguration B0 [ B0sur. The variables involved
are the ﬁrst Piola–Kirchhoff total stress
S ¼ JsFT ð3Þ
and the material (or Lagrangian) version of the electric variables, i.e.
D0 ¼ JF1D and E0 ¼ FTE: ð4Þ
In particular, under the same hypotheses, the ﬁeld equations read
now
Div S ¼ 0; SFT ¼ FST ; Div D0 ¼ 0; CurlE0 ¼ 0 ðin B0 [ B0surÞ;
ð5Þ
thus also the electric ﬁeld E0 proves to be conservative. The pre-
scribed boundary conditions are analogous to those in (2) for the
corresponding Lagrangian variables
sv0t ¼ 0; sStn0 ¼ t0 ðon @B0t Þ; v0 ¼ ~v0 ðon @B0vÞ; ð6Þ
sD0t  n0 ¼ x0; n0  sE0t ¼ 0 ðon @B0Þ;
where v0ðx0Þ is the Lagrangian description of the ﬁnite displace-
ment ﬁeld, t0;x0 represent the nominal variables of traction and
surface charge density, respectively and n0 is the unit vector normal
to surface @B0.
Making reference back to the Eulerian formulation, when the
surrounding space consists of vacuum (i.e. Bsur  B), the stress in
B reduces to Maxwell stress, here denoted by s,
s ¼ 0 E  E  12 ðE
  EÞI
 
;
where symbol ⁄ marks quantities evaluated in vacuum; moreover,
electric displacement and electric ﬁeld obey the law D ¼ 0E; 0
being the permittivity of vacuum (0 ¼ 8:85 pF/m). Field equations
similar to (1) can be stated, which are more explicative if the two
domains, B and B, are kept distinct:
div s ¼ 0; sT ¼ s; div D ¼ 0; curl E ¼ 0 ðin BÞ; ð7Þ
div E ¼ 0; curl E ¼ 0 ðin BÞ: ð8Þ
Here s explicitly refers to the total stress in B, while on the basis of
Eqs. (8) it can be easily shown that Maxwell stress is divergence-
free (Dorfmann and Ogden, 2010), therefore, being the symmetry
of s self-evident, Eq. (7) turn out to be formally valid also in vac-
uum and can be extended to the whole space B [ B. The associated
boundary conditions are:
sn ¼ t þ sn ðon @BtÞ; v ¼ ~v ðon @BvÞ; ð9ÞD  n ¼ xþ 0E  n; n ðE  EÞ ¼ 0 ðon @BÞ:
A Lagrangian version of the equations above can be provided for the
dielectric body
Div S ¼ 0; SFT ¼ FST ; Div D0 ¼ 0; CurlE0 ¼ 0 ðin B0Þ; ð10Þ
unlike for vacuum, as no deformation and therefore no Lagrangian
variables can be deﬁned there, thus conditions (8) still should be
enforced in vacuum. Analogously, the boundary conditions are ex-
pressed with reference to Lagrangian and Eulerian variables inside
the dielectric and vacuum, respectively
Sn0 ¼ t0 þ JsFTb n0; D0  n0 ¼ x0 þ 0JF1b E  n0; ð11Þ
n0  E0 ¼ n0  FTbE; ð12Þ
where the notation Fb ¼ F j@B0 has been introduced.
2.2. Constitutive equations
We consider a conservative material, whose response can be de-
scribed through a free-energy function W ¼WðF;D0Þ as
S ¼ @W
@F
; E0 ¼ @W
@D0
; ð13Þ
or, in the case contemplated hereafter of an incompressible material
(the dielectric elastomer is assumed to be incompressible, being
characterized by changes in shape typically much more signiﬁcant
than changes in volume), as
S ¼ @W
@F
 pFT ; E0 ¼ @W
@D0
; ð14Þ
where p represents an unknown hydrostatic pressure; the total
stress s and the current electric ﬁeld E can be easily obtained mak-
ing use of Eqs. (3) and (4).
Isotropy requires thatWðF;D0Þ be a function of the invariants of
the right Cauchy-Green tensor C ¼ FTF , (note that here
I3 ¼ detC ¼ 1)
I1 ¼ trC; I2 ¼ 12 ðtrCÞ
2  trC2
h i
; ð15Þ
and of three additional invariants depending on D0, namely
I4 ¼ D0  D0; I5 ¼ D0  CD0; I6 ¼ D0  C2D0; ð16Þ
so that W is a function of ﬁve independent scalars. In particular, we
will focus on the following form of the free energy
WðIiÞ ¼WelasðI1; I2Þ þ 120r ð
c0I4 þ c1I5 þ c2I6Þ; ð17Þ
where r is the relative dielectric constant of the material in the
undeformed state (F ¼ I) and ci ði ¼ 0;1;2Þ are dimensionless con-
stants, such that
P
i
ci ¼ 1. In general, these coefﬁcients can be, in
turn, function of the same invariants, however we do not take into
account the more general form here, as (17) well captures the
behaviour of ideal dielectrics and electrostrictive materials, adopt-
ing constant coefﬁcients. Note that when electrostatic effects vanish
(i.e. I4 ¼ I5 ¼ I6 ¼ 0), the free energy reduces to Welas.
The combination of Eqs. (14) and (17)1 after the derivatives of
the invariants2 in terms of F and D0 have been carried out and re-
placed, provides an explicit expression for the total stresses and elec-
tric ﬁelds. In particular the Lagrangian variables are@I5=@D ¼ 2CD , @I6=@D ¼ 2C D :
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þ 1
0r
c1FD0  D0 þ c2ðFD0  CD0 þ FCD0  D0Þ
h i
; ð18Þ
E0 ¼ ðE0Þ1D0; where ðE0Þ1 ¼ 1
0r
ðc0I þ c1C þ c2C2Þ; ð19Þ
being E0 the Lagrangian tensor of dielectric constants; the Eulerian
variables are obtained through Eqs. (3) and (4),
s ¼ p I þ l a1B a2ðI1B B2Þ
h i
þ 1
0r
c1D Dþ c2ðD BDþ BD DÞ½ 	; ð20Þ
E ¼ E1D; where E1 ¼ 1
0r
ðc0B1 þ c1I þ c2BÞ; ð21Þ
with the deﬁnition of tensor E, such as E1 ¼ FTðE0Þ1F1, includ-
ing the current dielectric constants. In the equations above, where,
if necessary, we will label with a superscript ‘el’ (i.e. electric) the
second row of Eqs. (18) and (20), la1 ¼ 2@W=@I1 and
la2 ¼ 2@W=@I2, being l the shear modulus in the undeformed
state and B represents the left Cauchy-Green strain tensor; note
that the hydrostatic pressure p is indeterminate and is evaluated
enforcing the boundary conditions of the electro-elastic bound-
ary-value problem. Variable ~p can be introduced as an alternative
to p, such that p ¼ ~pþ E  D=2, in accordance with what done by
Zhao et al. (2007).
In general, as long as the hypotheses underlying expression (17)
of the free energy are valid, (20) and (21) provide the general
response of an isotropic nonlinear electroelastic soft solid
encompassing a deformation-dependent electric – electrostrictive
– response. Relation (21) shows that the behaviour of an ideal
dielectric, for which the permittivity is independent of the current
strain, i.e. E ¼ D=ð0rÞ, is recovered imposing c0 ¼ c2 ¼ 0 and
c1 ¼ 1, with r ¼ r . In this case, it is easy to notice that the
association of the term multiplied by c1 in (20) and of the
contribution E  D=2 included in the hydrostatic pressure p is
recognizable as the internal Maxwell stress. In general, while
coefﬁcient c0 accounts for a purely dielectric contribution, c2
couples electrostriction to the mechanical response, as evident in
the total stress law.
As the soft dielectrics typically in use are mainly silicones and
acrylic elastomers, two appropriate constitutive models are
Mooney–Rivlin and Gent (other models are likewise suitable, for
instance Ogden and Arruda–Boyce models), respectively based on
the following forms of elastic energy:
WMRelas ¼
l1
2
ðI1  3Þ  l22 ðI2  3Þ; l ¼ l1  l2 ðl2 < 0Þ; ð22Þ1= 2
r r ( )
(a) (
Fig. 2. (a) Fitting results based on expression (21)2 of the experimental data on electrost
(see Table 1 for the values of the parameters ci; i ¼ 0;1;2Þ. (b) Effect of the electrostricti
depending on the electrostrictive parameters, see Eq. (20)).WGelas ¼ 
l
2
Jm ln 1
I1  3
Jm
 
: ð23Þ
Note that Jm is the value taken by invariant I1  3 when the molec-
ular chains of the internal network of the polymer are fully
stretched; if the maximum stretch in a uniaxial test is taken to be
10, as suggested in Gent (1996), it turns out that Jm ¼ 97:2, provid-
ing kmax ¼ 9:959 in a plane-strain uniaxial test. For the models
above we have:
 Mooney–Rivlin model: a1 ¼ l1=l; a2 ¼ l2=l,
 Gent model: a1 ¼ JmJmðI13Þ ; a2 ¼ 0.
2.3. Deformation-dependent permittivity: electrostriction
Electrostriction is a term historically associated with the atti-
tude of a material (polymeric or ceramic) to be deformed by the
application of an electric ﬁeld. In DEs, due to the large strains in-
volved, this phenomenon concerns the variability of the dielectric
permittivity with the deformation (Zhao and Suo, 2008). Typical
materials employed for DE actuators are characterized by this
property (Wissler and Mazza, 2007) and therefore it becomes
important to investigate its effects towards the behaviour of such
devices. In particular, our goal is, ﬁrstly, to show that electrostric-
tion is included in the constitutive model described above leading
to Eqs. (18) and (19) or (20) and (21) and, secondly, to apply such
equations in order to study the stability of DE actuators.
The considered sets of parameters ci ði ¼ 0;1;2Þ have been as-
sessed gathering data from the experimental tests performed by
Wissler and Mazza (2007) and Li et al. (2011b) on 3M VHB4910
equally biaxially prestretched ﬁlms. For this purpose, formula
(21)2 has been used to ﬁt the experimental data, as depicted in
Fig. 2(a) where the in-plane stretches are equal (k1 ¼ k2), providing
the values reported in Table 1.
The effect of electrostriction on the stress–strain behaviour of a
soft dielectric layer is illustrated in Fig. 2(b), where an equi-biaxial
test (k1 ¼ k2) for an actuator activated imposing an electric dis-
placement ﬁeld D3 along the transverse direction is studied. There,
the difference of the electric stress sel11  sel33 sel11 ¼ sel22
 
is sketched
in dimensionless form. For k1 ¼ k2 > 2, the three curves remain al-
most parallel. It is clear that the difference in the electromechani-
cal response is appreciable even in the neighbourhood of the
natural conﬁguration (k1 ¼ k2 ¼ 1).3. Incremental electro-elastic boundary-value problem
The investigation of instabilities developing in dielectrics at
large strains is carried out superposing incremental deformations( 11 33)
1= 2b)
el el
3
0 r
2
r const
riction of 3M VHB4910 provided by Wissler and Mazza (2007) and Li et al. (2011b)
on on the biaxial ‘electric’ stress–stretch response (‘el’ denotes the part of the stress
Table 1
Sets of electrostrictive parameters employed in the instability analyses.
Set # (reference) r c0 c1 c2
1 (Wissler and Mazza, 2007) 4.68 0.00104 1.14904 0:15008
2 (Li et al., 2011b) 4.5 0.00458 1.3298 0:33438
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Here we brieﬂy introduce the topic, referring to Bertoldi and Gei
(2011) for more details.
Again the general case is ﬁrstly presented, with the surrounding
domain occupied by a different dielectric medium. Let us assume a
perturbation _t0 and _x0 of tractions and surface charges applied on
@B0 (henceforth a superposed dot will denote the increment of the
relevant quantity induced by the perturbation), leading the system
to a new equilibrium conﬁguration. According to the Lagrangian for-
mulation, Eqs. (5) and (6) hold true, as the body forcedensityb0 is un-
changed. The incremental problem is thus governed by the system
Div _S ¼ 0; Div _D 0 ¼ 0; Curl _E 0 ¼ 0 ðin B0 [ B0surÞ; ð24Þ
with incremental jump conditions at the external boundary of the
body taking the form
s _xt ¼ 0; s _Stn0 ¼ _t 0 ðon @B0t Þ; _x ¼ 0 ðon @B0vÞ; ð25Þ
s _D0t  n0 ¼  _x0; n0  s _E0t ¼ 0 ðon @B0Þ;
being _x ¼ _vðx0Þ the incremental deformation associated with the
incremental deformation gradient _F ¼ Grad _v.
Assuming that all incremental quantities are sufﬁciently small,
the constitutive equations for a compressible medium (13) can be
linearized as
_SiJ ¼ C0iJkL _FkL þ B0iJL _D0L ; _E0M ¼ B0iJM _FiJ þ A0ML _D0L; ð26Þ
where the components of the three electroelastic moduli tensors
are given by
C0iJkL ¼
@2W
@FiJ @FkL
; B0iJM ¼
@2W
@FiJ @D
0
M
; A0ML ¼
@2W
@D0M @D
0
L
: ð27Þ
From this deﬁnition, the following symmetries are derived:
C0iJkL ¼ C0kLiJ; A0ML ¼ A0LM: ð28Þ
For incompressible materials (tr _FF1 ¼ 0, i.e. div _x ¼ 0), the
incremental total ﬁrst Piola–Kirchhoff stress tensor is given by
_SiJ ¼ C0iJkL _FkL þ pF1Li _FkLF1Jk  _pF1Ji þ B0iJL _D0L : ð29Þ
The explicit expressions for the electroelastic moduli are detailed in
Appendix A.
An updated Lagrangian formulation can be similarly provided
for the incremental problem, based on the following ﬁeld
equations
div R ¼ 0; div D^ ¼ 0; curl E^ ¼ 0 ðin B [ BsurÞ; ð30Þ
where R ¼ J1 _SFT ; D^ ¼ J1F _D0 and E^ ¼ FT _E0 correspond to incre-
mental updated variables obtained through a push-forward opera-
tion from the corresponding Lagrangian incremental variables (see
(3) and (4)). Identifying uðxÞ ¼ _x, the associated incremental bound-
ary conditions read
sut ¼ 0; sRtndA ¼ _t 0dA0 ðon @BtÞ; u ¼ 0 ðon @BvÞ; ð31Þ
sD^t  ndA ¼  _x0dA0; n sE^t ¼ 0 ðon @BÞ:
Note that also the incremental electric ﬁeld is conservative, both in
Lagrangian and Eulerian formulation, what guarantees the exis-
tence of relevant incremental electrostatic potentials.Also in the frame of the updated Lagrangian formulation, the
incremental constitutive equations turn out to be linear and,
assuming L ¼ gradu, take the form
Rir ¼ CirksLks þ BirkD^k; E^i ¼ BkriLkr þ AikD^k: ð32Þ
The expression of the incremental constitutive tensors is straight-
forwardly derivable from Eqs. (26) and (32) through the deﬁnition
of the updated Lagrangian variables, giving
Cirks ¼ 1J C
0
iJkLFrJFsL; Birk ¼ B0iJMFrJF1Mk; Aik ¼ J A0JMF1Ji F1Mk; ð33Þ
where the following symmetry properties hold true:
Cirks ¼ Cksir; Birk ¼ Brik; Aik ¼ Aki: ð34Þ
Note that conditions (34)1,3 are analogous to (28)1,2, while (34)2 can
be established by using the incremental form of the balance of
angular momentum, also leading to condition
Ciqkr þ sirdqk ¼ Cqikr þ sqrdik: ð35Þ
In the case of an incompressible material, while symmetries (34)
still hold true, the updated version of the incremental ﬁrst Piola–
Kirchhoff total stress tensor becomes
Rir ¼ CirksLks þ pLri  _pdir þ BirkD^k; ð36Þ
while condition (35) turns into
Ciqkr þ ðsir þ pdirÞdqk ¼ Cqikr þ ðsqr þ pdqrÞdik: ð37Þ
The detailed expressions of the moduli for the updated Lagrangian
formulation is reported in Appendix A.
In the case the domain outside the solid is vacuum (Bsur  B),
boundary conditions can be stated as in Dorfmann and Ogden
(2010) and Bertoldi and Gei (2011). Here we consider the case, rel-
evant for practical applications, where both surface tractions t0 and
surface chargesx0 are independent of the deformation (dead load-
ing), thus _t0 ¼ 0 and _x0 ¼ 0, while the electric ﬁeld in vacuum van-
ish, as in the space outside a parallel-plate capacitor (by neglecting
the edge effects). The consequence is that both the Maxwell stress
s and its increment _s, generally given as
_s ¼ 0 _E  E þ E  _E  ðE  _EÞI
h i
;
vanish, while the increments of D and E (required in order to sat-
isfy the incremental boundary conditions) are simply related as
_D ¼ 0 _E. Therefore, also including the incompressibility of the
dielectric, the boundary conditions for the Lagrangian formulation
of the incremental problem specialize as follows
_Sn0 ¼ 0; _D0  n0 ¼ 0ðF1b _EÞ  n0; n0  _E 0 ¼ n0  FTb _E; ð38Þ
while, with reference to updated Lagrangian variables, they read:
Rn ¼ 0; D^  n ¼ 0 _E  n; n E^ ¼ n _E: ð39Þ
Note that, owing to Eq. (30)3, the incremental electric variable
_E in B is proﬁtably deﬁned making use of the incremental electro-
static potential in vacuum _/ðx1; x2Þ as _Ei ¼  _/;i; the fulﬁlment of
condition (30)2 in B
 furthermore requires that the potential func-
tion is harmonic:
_/;ii ¼ 0: ð40Þ4. Homogeneous fundamental paths: prestressed and
prestretched layers
Two states of electromechanical ﬁnite, plane-strain deforma-
tions are considered for a dielectric elastomer layer of initial
thickness h0, as anticipated in Section 1 and depicted in Fig. 1
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uration, let x1 and x2 be the longitudinal and the transverse axes
associated with the orthonormal basis fe1; e2g (being e3 the out-
of-plane normal), respectively, such that the boundaries of the
layer correspond to x2 ¼ 0; h, as shown in Fig. 3. We assume that
the layer is inﬁnitely wide and undergoes a homogeneous electric
actuation aligned with direction e2 in the current conﬁguration, i.e.
D ¼ D2e2, with null external electric ﬁeld, thus E ¼ D ¼ 0. The
deformation state is still homogeneous with deformation gradient
F ¼ diagðk;1=k;1Þ. The foreseen electrical activation can be
achieved applying a uniform distribution of opposite surface
charges on the two boundaries, in this case the absolute value of
D2 corresponds to the current charge density, see Eq. (2)4. The con-
ﬁguration can be also reached imposing a voltage between two
perfectly compliant electrodes placed on the two surfaces, but
the bifurcation analysis requires an incremental problem where
the voltage is the varied electrical quantity.
4.1. Elongation under constant longitudinal force
In this case (path A in Fig. 1) the actuator is stress free along
direction x2 and subjected to a constant force ~Sh0 along the longi-
tudinal direction, so that the nominal stress state is represented by
S11 ¼ ~S; S22 ¼ 0; ð41Þ
which provide the following implicit relation between k and
D ¼ D2=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l0r
p
eS
l
k2 þ ða1  a2Þ 1k  k
3
 
þ D2 c1kþ 2
c2
k
 
¼ 0: ð42Þ
Graphical representations of this loading path are provided in
Figs. 6(a) and 7(a) for electrostrictive Gent materials based on the
two sets of parameters mentioned above, where the dimensionless
electric displacement D is reported on the vertical axis of both plots.
4.2. Pre-stretched specimen
The so-called path B depicted in Fig. 1 is characterized by a total
stress component along direction x2 identically vanishing through-
out the solid, namely s22 ¼ 0, with the layer longitudinally pre-
stretched at k ¼ kpre through the uniaxial tensile state of stress
spre11 ¼ lða1  a2Þ k2pre 
1
k2pre
 !
: ð43Þ
When an increasing electric displacement D2 is subsequently super-
posed, the longitudinal stress changes asB*U
B*L
2 /k1
x2
B
dielectric
medium
vacuum
+ + ++ + + + +
x1
++
h
vacuum
Fig. 3. The general problem under study and the modular domain taken into
account for the investigation of diffuse mode instability, according to the hypoth-
esis of a periodic perturbation with wavelength equal to 2p=k1.s11
l
¼ s
pre
11
l
 D2 c1 þ 2
c2
k2pre
 !
: ð44Þ
The electric actuation yields a decrease in the longitudinal stress,
therefore as shown in Figs. 6(c) and 7(c) (representing Eq. (44) for
Gent materials with the two considered sets of parameters), for
increasing D2; s11 becomes negative involving a buckling-like (dif-
fuse-mode) instability (see also the application illustrated in Gei
et al., 2011). Condition s11 ¼ 0 is referred to as ‘null tension’
threshold.5. Global instabilities of a soft dielectric elastomer
Global equilibrium bifurcations for a generic electroelastic sys-
tem consisting of two media, respectively occupying domains B0
and B0
sur
with reference to a Lagrangian description can be ad-
dressed referring to the general theory introduced by Bertoldi
and Gei (2011). Among this class of instabilities, for the electroelas-
tic layer, we aim to investigate both electromechanical (pull-in)
and diffuse-mode bifurcations, involving the relevant cases of
buckling-like and surface-like instabilities.
Along an electromechanical loading path, the existence of two
distinct solutions of the incremental problem is admitted and the
ﬁelds generated as their difference, here denoted by symbol D
(e.g. D _v ¼ _vð1Þ  _vð2Þ), are taken into account. The difference ﬁelds
can be regarded as the solution to a homogeneous incremental
boundary-value problem (no associated incremental body forces,
tractions, volume free charges, surface charges), thus an applica-
tion of the principle of the virtual work in the material description
requires thatZ
B0[B0sur
D _S  D _F þ D _E0  D _D0
h i
dV0 ¼ 0; ð45Þ
for every set of admissible Lagrangian ﬁelds fD _v;D _D0;D _S;D _E0g.
Note that the existence of the integrals on B0
sur
requires the decay
at inﬁnity of the ﬁelds involved.
Being both _t0 and _x0 null, the trivial pair f _vð2Þ; _D0ð2Þg ¼ 0 repre-
sents a possible solution associated with the incremental bound-
ary-value problem, consequently the difference ﬁelds reduce to
the solution identiﬁed by superscript (1) and Eq. (45) can be given
the following form:Z
B0[B0sur
_Sð1Þ  _Fð1Þ þ _E0ð1Þ  _D0ð1Þ
h i
dV0 ¼ 0: ð46Þ
Therefore, denoting by t ðt P 0Þ the scalar loading parameter
relevant to the principal equilibrium path, a sufﬁcient condition
preventing the dielectric layer from the occurrence of a bifurcation
isZ
B0[B0sur
_SðtÞ  _F þ _E0ðtÞ  _D0
h i
dV0 > 0; ð47Þ
while a bifurcation takes place at t ¼ tcr as soon as, for an admissible
critical pair f _vcr; _D0crg –the primary eigenmode–, the functional be-
comes positive semi-deﬁnite so that Eq. (46) becomes true, namelyZ
B0[B0sur
_ScrðtcrÞ  _Fcr þ _E0crðtcrÞ  _D0cr
h i
dV0 ¼ 0; ð48Þ
with _ScrðtcrÞ and _E0crðtcrÞ given by the incremental constitutive
equations.
The instability criterion deﬁned in Eq. (48) according to the
Lagrangian description can be easily given an updated Lagrangian
expression through a formal push-forward operation, namelyZ
B[Bsur
RcrðtcrÞ  Lcr þ E^crðtcrÞ  D^cr
h i
dV ¼ 0; ð49Þ
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requires the fulﬁlment of ﬁeld and boundary conditions, namely the
incompressibility constraint, divucr ¼ 0, as well as Eqs. (31)1,3,4 and
(30)2. Therefore, starting with an admissible critical pair fucr; D^crg
and using Eqs. (32) with the introduction of Lcr ¼ graducr to com-
pute the corresponding incremental equilibrated total stress and
curl-free electric ﬁeld Rcr and E^cr (respectively satisfying ﬁeld Eqs.
(30)1 and (30)3), the critical condition (49) is equivalent to the
enforcement of the boundary conditions (31)2,5 in weak form, as
can be easily shown making use of divergence and Stokes’
theorems.
When the surrounding medium is vacuum, condition (49) takes
the formZ
B
Rcr  Lcr þ E^cr  D^cr
h i
dV þ
Z
B
_Ecr  _Dcr dV ¼ 0; ð50Þ
which can be simpliﬁed asZ
B
Rcr  Lcr þ E^cr  D^cr
h i
dV þ 0
Z
@B
_/cr grad _/

cr  ndA ¼ 0; ð51Þ
through Eq. (40), entailing _E  _D ¼ 0 divð _/grad _/Þ, and subse-
quent application of the divergence theorem to the integral on B
in (50). Condition (51) can be further simpliﬁed with the integral
on @B transported along @B, as will be shown later for the problem
under study.
5.1. Electromechanical instability
This bifurcation may arise when the body is deformed homoge-
neously as effect of dead-load tractions/charges applied to its
boundary, therefore homogeneous perturbation ﬁelds L; D^, and
_/ are considered. Note that in this case the surface integral in
(51) vanishes, being grad _/ ¼ 0, therefore, as a result of homoge-
neity, the instability criterion requires that the argument of the
volume integral in (51) vanishes, namely, for an incompressible
material,
CðtÞL  Lþ pðtÞ trL2 þ 2BðtÞD^  Lþ AðtÞD^  D^ ¼ 0 ð52Þ
for at least a pair fL; D^g ¼ fLcr ; D^crg – 0, with trL ¼ 0.
Note that, for the sake of conciseness, subscript ‘cr’ has been
omitted here and will be hereafter. Therefore, bifurcation is pre-
dicted in correspondence to the loss of positive deﬁniteness of
the quadratic form in Eq. (52) (see Gei et al., 2012, for the applica-
tion of this criterion to a homogeneous actuators and the compar-
ison with the method based on the Hessian of the total energy).
5.2. Diffuse-mode instability
Diffuse modes, corresponding to a plane-strain inhomogeneous
response of the layer with wavelength given by 2p=k1 (being k1 the
wave-number of the perturbation), are investigated. The extreme
cases of long-wavelength (k1 ! 0) and surface instability
(k1 ! þ1), where the critical modes are strongly localized in the
vicinity of the surface, are considered. Making reference to Fig. 3,
diffuse bifurcation modes are described representing the set of
admissible incremental ﬁelds in condition (51) as sinusoidal
functions.
Considering the updated Lagrangian formulation, the incremen-
tal boundary-value problem can be written in scalar notation in the
form:
R11;1 þ R12;2 ¼ 0; R21;1 þ R22;2 ¼ 0; D^1;1 þ D^2;2 ¼ 0;
E^1;2  E^2;1 ¼ 0 ðin BÞ; ð53Þ
_Ei ¼  _/;i; _/;ii ¼ 0 ði ¼ 1;2; in BÞ; ð54ÞR12 ¼ 0; R22 ¼ 0; bD2 ¼ 0 _E2; bE1 ¼ _E1 ðalong @BÞ: ð55Þ
The periodic solution adopted inside layer B,
u1ðx1; x2Þ ¼ Vsesk1x2 cos k1x1; u2ðx1; x2Þ ¼ V esk1x2 sin k1x1;bD1ðx1; x2Þ ¼ dsesk1x2 cos k1x1; bD2ðx1; x2Þ ¼ desk1x2 sin k1x1;
_pðx1; x2Þ ¼ Q esk1x2 sin k1x1;
ð56Þ
guarantees that both ﬁelds u and D^ are divergence-free, as required
by incompressibility and Eq. (53)3 (note that in the case of a com-
pressible dielectric, condition div u ¼ 0 would not subsist, but
simultaneously variable _p would disappear).
In order to fulﬁl the remote decay conditions in the surrounding
space, the relevant solution is expressed on the basis of the follow-
ing harmonic electric potentials inside each of the portions BU and
BL in which B
 has been split according to Fig. 3:
 _/ðx1; x2Þ ¼ FU sin k1x1ek1x2 in BU ¼ fx 2 B; x2 P hg,
 _/ðx1; x2Þ ¼ FL sin k1x1eþk1x2 in BL ¼ fx 2 B; x2 6 0g.
The interface jump condition (55)3 at x2 ¼ 0;h is easily satisﬁed
through a convenient choice of constants FU and FL.
When modes (56) are plugged into constitutive Eqs. (32)2
and (36) and the resulting expressions into conditions (53)1,2,4,
a homogeneous system of equations for amplitudes V ; d; Q is
generated:
k1sðC1111þC1122þ s2C1212þC1221Þ s2B121 1
k1ðC2121þ s2ðC2112þC2211C2222ÞÞ sðB211þB222Þ s
k1sðs2B121þB211B222Þ s2A11A22 0
264
375 Vd
Q
264
375¼ 00
0
264
375:
Thus a non trivial solution is only admissible when the associated
matrix of coefﬁcients is singular, i.e. when the following cubic equa-
tion in s2 is satisﬁed:
X6s6 þX4s4 þX2s2 þX0 ¼ 0: ð57Þ
For the fundamental paths investigated throughout the paper,
the expressions of the constitutive tensors Aik; Birk and Cirks
reported in Appendix A and their symmetry properties (34),
the coefﬁcients of (57) can be given the following simpliﬁed
expressions:
X6 ¼B2121þA11C1212;
X4 ¼2B121ðB121B222ÞA22C1212A11ðC11112C11222C1221þC2222Þ;
X2 ¼ðB121B222Þ2þA11C2121þA22ðC11112C11222C1221þC2222Þ;
X0 ¼A22C2121: ð58Þ
According to the nature of the six solutions si, different regimes can
be identiﬁed and the general solution inside B is built by
superposition:
u1ðx1; x2Þ ¼
X6
i¼1
Visi esik1x2 cos k1x1; u2ðx1; x2Þ ¼
X6
i¼1
Vi esik1x2 sin k1x1;
bD1ðx1; x2Þ ¼X6
i¼1
disi esik1x2 cos k1x1; bD2ðx1; x2Þ ¼X6
i¼1
di esik1x2 sin k1x1;
_pðx1; x2Þ ¼
X6
i¼1
Qi e
sik1x2 sin k1x1: ð59Þ
The critical conditions are now determined introducing the lat-
ter expressions into the stability criterion, Eq. (51), which can be
further simpliﬁed by taking into account the bounded modular do-
main highlighted in Fig. 3 asZ p
k1
 pk1
Z h
0
R  Lþ E^  D^
h i
dx2dx1þ
 0
Z p
k1
 pk1
_/ grad _/  njx2¼h þ _/ grad _/  njx2¼0
h i
dx1 ¼ 0;
ð60Þ
nm
o
ob
Sh0˜ Sh0˜
Fig. 4. Band discontinuity in a homogeneously deformed dielectric elastomer. Band
thickness is unpredictable on the basis of the proposed approach.
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ciﬁc boundary portion of B (as in Section 2.1). Eq. (60) stems from
the remote decay conditions of the electric ﬁelds inside vacuum
and the periodic nature of the perturbation, allowing the integrals
on @B to vanish along the vertical surfaces bounding the integra-
tion domain (corresponding to the dashed lines in Fig. 3). This pro-
cedure has been applied to the problem under study (the results
will be presented in Section 7): the primary eigenmodes so obtained
have been shown to coincide with those evaluated on the basis of
the procedure illustrated in Bertoldi and Gei (2011), where all the
boundary conditions (31) are enforced in strong form.
6. A local instability of soft dielectric elastomers:
band-localization
A potential local instability mode arising in large-strain solid
mechanics is band localization, where ﬁelds at bifurcation exhibit
a discontinuity across a narrow band of unknown inclination.
The condition for its onset along the homogeneous path (here ref-
erence will be made to the paths illustrated in Section 4) can be
determined investigating the admissible jumps of the incremental
quantities across the interface between the band (superscript ‘b’)
and the rest of the solid (superscript ‘o’). In the current conﬁgura-
tion, let n and m denote two orthogonal unit vectors (n m ¼ 0),
normal to the band interface the ﬁrst and aligned with it the latter,
as depicted in Fig. 4.3
Imagine that at the attainment of a threshold along the electro-
mechanical loading path, Lo and D^o represent the uniform response
of the solid to an incremental change in the boundary conditions
except inside the band, where the incremental displacement ub
is constant along the planes x  n ¼ const and the incremental elec-
tric displacement D^b is uniform. Compatibility relationships across
the interface, namely ðLb  LoÞm ¼ 0 and continuity of the normal
component of D^, respectively, require that
Lb ¼ Lo þ nm n; D^b ¼ D^o þ fm; ð61Þ
where n and f are real scalars representing mode amplitudes within
the band; note the relative displacement ﬁeld in (61)1, associated
with the dyadic m n, that corresponds to an isochoric simple
shear of amount n. Both ﬁelds Lb and D^b are required to satisfy ﬁeld
Eq. (53) inside the band.
On the other hand, continuity of the increments of both traction
and the tangential component of the electric ﬁeld require
ðRb  RoÞn ¼ 0; E^b  E^o ¼ bn; ð62Þ
where, again, b is a real variable. The use of (61) in the constitutive
equations and in (62) provides, in component form, respectively
Qikmk 
1
n
_pb  _po ni þ fBiqamanq ¼ 0; ð63Þ
Biqaminq þ fAabmb ¼ bna;
where Qik ¼ Ciqkpnpnq; f ¼ f=n and b ¼ b=n. Further manipulation of
(63) yields
f ¼ Biqaminqma
Aabmamb
; b ¼ Biqaminqna þ fAabnamb; ð64Þ
1
n
_pb  _po  ¼ Qikmkni þ fBiqaninqma;
as well as the condition for band localization, namely (assuming
Aabmamb – 0)3 The vector n used here must not be confused with the outward normal to @B
deﬁned in Section 2.AabQikmambmimk  ðBiqaminqmaÞ2 ¼ 0: ð65Þ
Eq. (65) clearly depends on the current state of ﬁnite-strain and on
the normal to the band n (the components ofm can be easily substi-
tuted according to relation mr ¼ esrns, where
e12 ¼ e21 ¼ 1; e11 ¼ e22 ¼ 0).
For the fundamental paths under study, Eq. (65) explicitly
becomes
C6m6 þ C4m4 þ C2m2 þ C0 ¼ 0; ð66Þ
with the assumption m ¼ n2=n1 (n1 – 0) and the coefﬁcients related
to those in Eq. (57) as:
C6 ¼ X6; C4 ¼ X4; C2 ¼ X2; C0 ¼ X0:
Band localization occurs when Eq. (66), which can be reduced to
a cubic in the unknown m2, admits a real solution m. The real roots
can be determined explicitly following Tartaglia-Cardano’s theory
(valid for C6 – 0; when C6 ¼ 0, Eq. (66) becomes a biquadratic
and the roots can be easily obtained). According to the values taken
by the discriminant
D ¼ a
2
4
þ b
3
27
; ð67Þ
where
a ¼ 1
3
C4
C6
 2
þ C2
C6
; b ¼ 2
27
C4
C6
 3
 1
3
C2C4
C26
þ C0
C6
; ð68Þ
two cases arise:
 when DP 0, Eq. (66) has only one real root, i.e.m2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 b
2
þ
ﬃﬃﬃ
D
p3
r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 b
2

ﬃﬃﬃ
D
p3
r
 C4
3C6
; ð69Þ when D < 0, Eq. (66) admits three real roots, namelym21 ¼ 2
ﬃﬃﬃﬃﬃﬃﬃ
 a
3
r
cos h C4
3C6
; ð70Þ
m22 ¼2
ﬃﬃﬃﬃﬃﬃﬃ
a
3
r
cos
hþ2p
3
 
 C4
3C6
; m23 ¼2
ﬃﬃﬃﬃﬃﬃﬃ
a
3
r
cos
hþ4p
3
 
 C4
3C6
;where h ¼ arctanð2 ﬃﬃﬃﬃﬃﬃﬃDp =bÞ if b 
 0 or h ¼ pþ arctanð2 ﬃﬃﬃﬃﬃﬃﬃDp =bÞ
if b > 0.
Along the principal path, the onset of band localization corre-
sponds to the fulﬁlment of one of the following conditions: (i)
C6 ¼ 0, (ii) C0 ¼ 0, and (iii) D ¼ 0. The adoption of free-energy
(17) provides the following relation between k and D for case (i)
D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða1  a2Þðc0 þ c1k
2 þ c2k4Þ
c22 þ c0ðc1k2 þ c2ð2þ k4ÞÞ
s
; ð71Þ
while for case (ii) it gives
k h1
=0.8pre
=1.5pre
pre=2.5
pre=4
r
D
=1.5pre
pre=2.5
pre=4
r r
D
k h1
pre=4
=1.5pre
r r
k h1
D
=1.5pre
=2.5pre
=4pre
k h1
D
Comparison
(c)
(a) (b)
(d)
Fig. 5. Diffuse instability modes for a prestretched actuator in plane strain (for a Gent material model). Parts (a)–(c): critical dimensionless electric displacement D vs
dimensionless wavenumber k1h for constant r and for the two sets of electrostrictive parameters considered in Table 1 at different values of the applied prestretch kpre. The
comparison reported in (d) shows that electrostriction signiﬁcantly lowers the critical D. In (c) the case kpre ¼ 2:5 is not reported as it lies within a band-localization range (see
Fig. 7).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða1  a2Þ
c2
s
: ð72Þ
Case (iii) is more involved, but a condition analogous to the previ-
ous ones can be easily determined from (67).
In any case, at the onset, the amplitude ratios f and b deﬁned in
Eq. (64), become
f ¼ B121m
3 þ ðB222  B121Þm
A11m2 þ A22 n1; ð73Þb ¼ B121 þ ðB222  B121Þm2 þ fðA22  A11Þm: ð74Þ7. Results
7.1. Diffuse-mode instability
Diffuse-mode instability results are depicted in Fig. 5 for a pre-
stretched specimen with different kpre (path B in Fig. 1), on the ba-
sis of an extended Gent electroelastic free energy (23),
characterized by different sets of electrostrictive parameters (see
Table 1). Both symmetric and antisymmetric modes (with respect
to the symmetry axis of the layer, see Fig. 3; see also Bigoni and
Gei, 2001) have been carefully checked and the critical conditions
have always been proved to correspond to antisymmetric modes.
In all the plots the dimensionless electric displacement D, acting
as ‘electrical’ loading parameter, is plotted as a function of the
dimensionless wavenumber k1h; note that the limit k1h!1 de-
notes a surface-like mode,4 while low values of k1h correspond to
buckling-like modes. The latter case is well depicted by the graphical
sketch of modes k1h ¼ 0:4;1:3 in Fig. 1.4 At high frequencies, the critical values of D for symmetric and antisymmetric
modes converge to the same value.The effects of electrostriction onto the critical electric displace-
ment at bifurcation are represented in part (d) of Fig. 5, where the
comparison between the computations displayed in parts (a), (b),
(c) is reported. In general, a high degree of electrostriction entails
more evident reductions in the critical electric actuation (specially
for kpre ¼ 1:5; 2:5 that are levels of prestretch important for the
applications). This can be justiﬁed observing that instability occurs
when the axial stress s11, tensile just after the prestretching, be-
comes compressive. As can be observed comparing two paths at
the same kpre in parts c) of Figs. 6 and 7, for high electrostriction
this event takes place for a slightly lower D.
It is worth highlighting that experimental results on electro-
striction are only available for stretched membranes (see Sec-
tion 2.3), therefore the estimated values of parameters ci well
interpolate the behaviour for kpre > 1, while for kpre < 1 we have
noticed that the consequent dielectric constant r is far from rea-
sonable values. As a consequence, for kpre ¼ 0:8 only the curve for
constant r has been sketched in Fig. 5(a). For Set #2, calculations
show that at a prestretch kpre ¼ 2:5 the specimen is in the condi-
tions where, along the electromechanical deformation, band-local-
ization instability ﬁrst takes place and the previous homogenous
response of the layer is lost (see below): for this reason the curve
for kpre ¼ 2:5 has not been illustrated.7.2. Band-localization instability
Band-localization instability analysis for homogeneously de-
formed actuators is reported in Figs. 6 and 7 for an extended Gent
free-energy function with set of parameters #1 and #2, respec-
tively, for both fundamental paths introduced in Section 4. In (a)
the actuator is prestressed with a given nominal traction ~S, follow-
ing a nonlinear electroelastic deformation corresponding to path A,
while in (b) and (c) the specimen is prestretched at k ¼ kpre and
then actuated (path B), as for the analysis of diffuse modes. In
(a), and (c) dashed portions of the loading path curves (bounded
0 3
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localization ranges in terms of electrical actuation D.
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though the current analysis allows to predict only the onset of such
instability, while nothing can be said about the evolution of the
band, we note that in electroelasticity stable homogeneous nonlin-
ear deformations are also possible beyond the theoretical emer-
gence of the band, suggesting that the range of instability can be
crossed in some way, in order to reach the stable path anew (the
same applies to electroelastic deformations where the actuator de-
forms biaxially – computations not reported). Comparison with
experiments is difﬁcult, as we are not aware of papers dealing with
electroelastic band-localization instability and this article providesthe ﬁrst theoretical analysis on the topic. The following comments
must be added to clarify the key points of our investigation:
(i) the onset of localization is strongly dependent on electro-
striction. For a material with deformation independent per-
mittivity (i.e. r ¼ r), no localization is predicted on the
basis of Eq. (66). Therefore, to detect the emergence of a
band, accurate experiments must be carried out in order to
carefully measure and identify the electrostrictive properties
of the specimen. It is worth pointing out that Gent elastic
model does not exhibit localization under pure mechanical
loadings, thus the instabilities observed here are genuine
electromechanical effects;
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Fig. 8. Buckling instability analysis in plane strain for a purely mechanically compressed (Mooney–Rivlin material) and an electrically actuated DE layer (kpre ¼ 1, Mooney–
Rivlin material, sets of parameters #1;2, see Table 1). (a) Dimensionless longitudinal true stress for the mechanically compressed (continuous line: as D ¼ 0; s11 reduces to
the Cauchy stress) and the electromechanically activated DE (scattered points corresponding to the sets of parameters indicated in the legend) vs. the dimensionless
wavenumber k1h. (b) Dimensionless electric displacement D at instability vs. k1h for the electromechanically activated DE.
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electric incremental variable, what physically corresponds
to perturb the surface charge applied on the layer bound-
aries.5 Alternatively, a similar analysis can be carried out per-
turbing the voltage at the electrodes, therefore choosing E^ as
the primary variable. Even though the governing equations
are the same, the analogous of (66) may exhibit properties
substantially different from those of (66), as the relevant con-
stitutive equations accounting for the coupling differ from
those presented in Section 3. This analysis is out of the scope
of the present paper and will be developed elsewhere;
(iii) a failure mode experimentally observed in DE actuators is
electric breakdown: when the electric ﬁeld inside the solid
reaches a material-dependent threshold, the dielectric
becomes conductive, with a discharge crossing the solid
and inducing a strong localized damage to the actuator.
We suggest that electric breakdown can be induced by a
band-localization instability. Indeed, at the onset of this
instability and for both fundamental paths, the band inclina-
tion predicted on the basis of our analysis has always proven
to be orthogonal to the direction of the electric ﬁeld (i.e.
m!1, while coordinate x2, where the band develops,
remains unknown). Through relationships (64) we can esti-
mate the incremental ﬁelds inside the band by setting the
amplitude n; this has been done for the case eS=l ¼ 0 in
Fig. 6(a), showing that the increment of the electric ﬁeld
E^b inside the band is almost six times larger then that out-
side (i.e., E^oÞ, with a strong localized behaviour of the incre-
mental electric ﬁeld. This can obviously match with
micromechanical issues in order to promote electric break-
down. From the previous considerations, it appears evident
that the development of a band in a real sample represents
something uncertain, requiring additional investigations,
both experimental and theoretical. As for the latter aspect,
it could be relevant to adopt a microelectromechanical
model, in order to follow the evolution of the band and
check the stability of the predicted shear bands.
Coming back to Fig. 6 (relevant to the set of parameters #1), for
both fundamental paths it appears clear that k  2:76 provides a5 The technique assuming the control of the charge on the layer boundaries is less
common than the one based on the control of the voltage applied by the electrodes,
nevertheless it is possible and has been successfully employed by Keplinger et al.
(2010).theoretical critical threshold. As anticipated, this limit strongly de-
pends on the degree of electrostriction, as shown in Fig. 7 for set
#2, where the same limit drops to approximately 1.97. For pre-
stretched actuators similar considerations apply, as depicted in
parts (b) and (c) of Figs. 6 and 7. In parts (b), in addition to the re-
gions where localization represents the theoretically critical condi-
tion, the line corresponding to a null longitudinal stress (s11 ¼ 0,
‘null tension’ threshold, as an effect of electric actuation D) is also
reported, as typical devices must operate under a tensile stress
state in order to avoid buckling instability. Therefore, only the
points at the right-hand side of the line s11 ¼ 0 correspond to sen-
sible conﬁgurations for real actuators. The arrows below the hori-
zontal axis in parts (b) of both ﬁgures (ranging from kpre ¼ 1 to
kpre ¼ 3:2 in Fig. 6 and between 1 and 2.35 in Fig. 7) refer to the
loading paths indicated in part (c).7.3. Buckling instability: mechanically compressed vs prestretched and
electrically activated slabs
Even though the bodies investigated in this paper are electri-
cally activated, the diffuse-mode instabilities analysed in Sec-
tion 5.2 are essentially driven by the induced compressive
longitudinal stress arising as a reaction to the imposed boundary
constraints. Therefore, it seems interesting to address the follow-
ing question: which longitudinal stresses are responsible for a
common buckling mode in two identical silicone-like specimens,
mechanically loaded the former and electrically activated the lat-
ter? In order to provide an answer, an isotropic thin layer with
constitutive behaviour described by a Mooney–Rivlin elastic en-
ergy is taken into account, for which two different plane strain
fundamental paths are considered (same geometry as in Fig. 3):
(i) a purely mechanical longitudinal compression, i.e. kpre < 1
(but remaining in the neighbourhood of 1) with D ¼ 0; (ii) an
electric actuation (D > 0) as in the path B described previously,
with kpre ¼ 1. The bifurcation analysis of the ﬁrst problem is
well-known (see Biot, 1965) and is summarized here as the con-
tinuous curve illustrated in Fig. 8, representing the compressive
longitudinal true stress at the onset of instability (actually, when
no electric effects are present, the total stress s11 reduces to the
Cauchy stress). The second problem has been studied like in Sec-
tion 5.2, as the limit of two distinct problems with values of kpre
approaching 1 from below and above, respectively, being a peri-
odic solution as the one in (59) not admissible when kpre ¼ 1.
The so-calculated buckling conditions for the two sets of
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the dimensionless total stresses, while in part (b) the dimension-
less electric displacement is pictured only for the electromechan-
ical case. Note that for k1h 1, for which the Eulerian instability
theory is recovered, there is an outstanding agreement between
the buckling stresses for the cases of both mechanically and elec-
tromechanically activated slab, while for higher k1h appreciable
differences arise. Interestingly, the higher distance between the
continuous curve and the scattered points of Fig. 8(a) pertains
to the material with the higher degree of electrostriction: this
indicates that electrostriction strongly inﬂuences the instability
of the DE specimen, while a non-electrostrictive DE structure
essentially buckles at a compressive stress very similar to that re-
quired in the purely mechanical case.8. Conclusions
In soft dielectric elastomers, the electric permittivity may
change considerably with the strain as a result of a strain-
dependent polarization response under an imposed electric ﬁeld.
This phenomenon is called electrostriction and this paper addresses
its modelling in the framework of the general nonlinear theory of
isotropic electroelasticity for both large and incremental deforma-
tions. After having identiﬁed the relevant material parameters with
experimental data, in the second part of the article the general
theory of bifurcation for electroelastic body proposed by Bertoldi
and Gei (2011) is applied to investigate mainly diffuse-mode bifur-
cations and band-localization instability, for which a detailed
analysis is described for the ﬁrst time, showing that the theoretical
condition for its existence is only met when the dielectric solid
displays an electrostrictive behaviour, being excluded otherwise.
Results show that electrostriction may activate the former
modes at a threshold up to 30% lower than that for an ideal dielec-
tric (for which the permittivity is constant), while we can argue
that band-localization may trigger electric breakdown and failure
of actual prestretched/prestressed specimens. However, further
theoretical and experimental investigations are needed to clarify
how localization may develop within a DE actuator under various
electromechanical loading conditions.
In the ﬁnal part, a comparison between the buckling stresses of
a mechanical compressed slab and the electrically activated coun-
terpart is performed, revealing that a high degree of electrostric-
tion increases the critical stress and stiffens the layer compared
to the purely mechanical problem.
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Appendix A. Incremental constitutive moduli for the class of
free energies represented by (17).
Total Lagrangian formulation.
A0MN ¼
1
0r
c0 dMN þ c1 CMN þ c2 C2MN
	 

; ð75Þ
B0iJM ¼
1
0r
c1ðFiM D0J þ FiS D0S dJMÞþ
h
c2ðFiM CJS D0S þ FiS CJM D0S
þ FiS CSM D0J þ FiR CRS D0S dJMÞ
i
; ð76ÞC0iJkL ¼ l a1dikdJL þ 2FiJFkL
@a1
@I1
 a2
 
 2 @a2
@I2
ðI1FiJ  FiRCRJÞðI1FkL  FkSCSLÞ  a2½dikðI1dJL  CJLÞ
 FiLFkJ  BikdJL	 þ 2 @
a1
@I2
2I1FiJFkL  FiMCMJFkL  FiJFkMCML
 
þ 1
0r
c1dikD0J D
0
L þ c2 dikD0S ðCJSD0L þ CLSD0J Þ
h
þ FiRD0RðdJLFkSD0S
h
þ FkJD0L ÞþFiLFkSD0SD0J þ BikD0J D0L
ii
: ð77Þ
Updated Lagrangian formulation.
Aab ¼ 10r
c0B
1
ab þ c1dab þ c2Bab
	 

; ð78Þ
Biqa¼ 10r
c1ðdiaDqþDidqaÞþc2ðdiaBqsDsþBqaDiþBiaDqþBisDsdqaÞ
 
;
ð79Þ
Ciqkp ¼ l a1dikBpq þ 2BiqBkp @
a1
@I1
 a2
 
 2 @a2
@I2
I1Biq  BisBsq
 
 I1Bkp  BptBtk
  a2ðdikðI1Bpq  BptBtqÞ  BipBkq  BikBpqÞ
þ2 @a1
@I2
2I1BiqBkp  BisBsqBkp  BiqBksBsp
 
þ 1
0r
c1dikDpDq þ c2 dikDsðBqsDp þ BpsDqÞ

þ DiðBpqDk þ BqkDpÞ þ DqðBpiDk þ BikDpÞ
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